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The
If k is supercompact cardinal then for all A > x, [ fails.
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If k is supercompact cardinal then for all A > x, [ fails.

If K is supercompact cardinal then there is a forcing extension where
K is still supercompact and for A > & regular there is a (A, 1) morass.
In particular O, holds.
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Is it possible to have a supercompact cardinal x and no (A, 1)-morass
above k7 (O,)7
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Main theorem

If x is a supercompact cardinal, then after suitable preparatory forc-
ing, k£ remains strongly unfoldable and for x < X regular [J} fails.
In particular there are no (A, 1) morasses.
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Supercompact cardinals

Supercompact cardinals

K is O-supercompact if there is an embedding j : V — M such that
cp(j) = K, 0 < j(x) and M C M.
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Strongly unfoldable cardinals

Strongly unfoldable cardinals

K is O-strongly unfoldable cardinal if for every transitive set M of
size k model of set theory with kK € M and M<¥ C M, there is an
embedding j : M — N such that cp(j) = &, 6 < j(k) and Vy C N.
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Some indestructible theorems

Theorem (Laver)

If k is supercompact cardinal, then after some suitable preparatory
forcing, the supercompactness of x becomes indestructible by all
< k-directed closed forcing.
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Some indestructible theorems

Theorem (Laver)

If k is supercompact cardinal, then after some suitable preparatory
forcing, the supercompactness of x becomes indestructible by all
< k-directed closed forcing.

Theorem (Hamkins, Johnstone)

If k is strongly unfoldable cardinal, then after some suitable prepara-
tory forcing the strong unfoldability of x becomes indestructible by
all < k-closed posets that are k™ preserving.
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Some indestructible theorems

Theorem (Hamkins, Johnstone)

If k is supercompact cardinal, then after some suitable preparatory
forcing, the strongly unfoldability of x becomes indestructible by all
< k-closed forcing (whether or not this forcing collapses x1).
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Some indestructible theorems

Theorem (Hamkins, Johnstone)

If k is supercompact cardinal, then after some suitable preparatory
forcing, the strongly unfoldability of x becomes indestructible by all
< k-closed forcing (whether or not this forcing collapses x1).

Theorem (Hamkins)

If k is supercompact cardinal, then after some suitable preparatory
forcing, the supercompactness of x becomes indestructible by all
< k~closed forcing (whether or not this forcing collapses ™).
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Main theorem

If x is a supercompact cardinal, then after suitable preparatory forc-
ing, x remains supercompact and for k < A regular [} fails. In
particular there are no (\, 1) morasses.
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Gap 1 morasses

A (k,1) morassis M = ((¢¢ | ¢ < k), (Gee | ¢ < & < K)) such that

For each ( < K, ¢¢ < K and p, = k™.
For all { < K, Geeq1 = {id, f}, where f is a shift function :
o¢ < ¢¢ and pei1 = @¢ + (e — o).
For ( <& <,
Gy ={fog|ge G, f e Gy}
If ¢ is a limit ordinal
oc = J{F"pe | f € Gec}

£<¢
For all v limit ordinal, v < 6 and for all {(1,(> <~ and
fi € Gy, f2 € Ge,y, there exists &, (1,0 < & <y and
fl € Gege, fy € G, g € Gy such that

i = goff

h = gofy
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Question

@ (k,1)-supercompact and (k,2) morasses?
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Thank you!
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