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Abstract

In this talk we establish that Peano’s Arithmetic System is consistent in the traditional
sense and that Peano’s Arithmetic System is structurally incomplete.
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Terminology I

Let: →,∼,∨,∧,≡ denote connectives implication, negation, disjunction, conjuction
and equivalence, respectively.
Symbols x1, x2, ... are individual variables. Symbols a1, a2, ... are individual constants.
Symbols f n

k (n, k ∈ N) are n-ary functional letters. Symbols t1, t2, ... are terms. Symbols
Pn

k (n, k ∈ N = {1, 2, 3, ...}) are n-ary predicate letters. The set of all atomic formulas
of the form Pn

k (t1, ..., tn) is denoted by At1. The symbols
∧

,
∨

are quantifiers. The set
S1 of all well-formed formulas is constructed in the usual manner from the symbols
listed above. Next vf (φ) denotes the set of all free variables occuring in φ.
By At0 = {p1

1 , p
1
2 , ..., p

2
1 , p

2
2 , ..., p

k
1 , p

k
2 , ...} we denote the set of all propositional

variables. Hence S0 is the set of all well-formed formulas that are built in the usual
manner from propositional variables by means of logical connectives. Next RS1
denotes the set of all rules over S1. For any X ⊆ S1, Cn(R,X) is the smallest subset of
S1 containing X and closed under the rules of R ⊆ RS1

. Next the couple 〈R,X〉 is
called a system, whenever X ⊆ S1 and R ⊆ RS1

. By r⋆ we denote the rule of
simultaneous substitution for predicate letters. Namely 〈{α} , β〉 ∈ r⋆ ⇔ β = he(α) for
some endomorphism he : S1 −→ S1 which is an extension of the function
e : At1 −→ S1, e ∈ E⋆ (for details see [Pogorzelski 1981]). Next here and later r0
denotes Modus Ponens and r+ denotes the generalization rule.
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Terminology II

{r0, r+} = R0+. Here and later we use ⇒,¬,⇔,&,V, ∀, ∃ as metalogical symbols and
A 6= B denotes that A * B or B * A. We write X ⊂ Y for X ⊆ Y and Y 6= X .
We define function i : S1 −→ S0 as follows:

(a) i(Pn
k (t1, ..., tn)) = pn

k , (p
n
k ∈ At0),

(b) i(∼ φ) = ∼ i(φ),

(c) i(Fφψ) = Fi(φ)i(ψ),F ∈ {→,∧,∨,≡},

(d) i(
∧

tkφ) = i(
∨

tkφ) = i(φ).
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Terminology III

Let Z2 denotes the set of all formulas valid in the classical propositional calculus and let
L2 denotes the set of all formulas valid in the classical functional calculus. Next Z⋆

2 =
{φ ∈ S1 : i(φ) ∈ Z2} and S̄1 = {φ ∈ S1 : vf (φ) = ∅} and Z̄2 = Z⋆

2 ∩ S̄1, (for the details
see [Pogorzelski 1981].

Now we repeat some well known properties of operation of consequence and some
well-known definitions (see [Pogorzelski 1981], [Pogorzelski and Prucnal, 1975]). Let
R ⊆ RS1

and X ⊆ S1. Then:

(a1) X ⊆ Cn(R,X)

(a2) X ⊆ Y ⇒ Cn(R,X) ⊆ Cn(R,Y )

(a3) R ⊆ R′ ⇒ Cn(R,X) ⊆ Cn(R′,X)

(a4) Cn(R,Cn(R,X)) ⊆ Cn(R,X)

(a5) Cn(R,X) = ∪{Cn(R,Y ) : Y ∈ Fin(X)}
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Terminology IV

where Y ∈ Fin(X) denotes that Y is the finite subset of X .

Def. 1 〈R,X〉 ∈ CnsT ⇔ (¬∃α ∈ SA)[α ∈ Cn(R,X) & ∼ α ∈ Cn(R,X)]

Def. 2 〈R,X〉 ∈ CnsA ⇔ Cn(R,X) 6= SA

Def. 3 〈R,X〉 ∈ CplT ⇔ (∀α ∈ S̄1)[α ∈ Cn(R,X) V ∼ α ∈ Cn(R,X)]

Def. 4 〈R,X〉 ∈ CplA ⇔ (∀α ∈ S1 − Cn(R,X))Cn(R,X ∪ {∼ α}) = S1

Def. 5

r ∈ Perm(R,X) iff (1)

(∀π ⊆ S1)(∀φ ∈ S1)[〈π, φ〉 ∈ r & π ⊆ Cn(R,X) ⇒ φ ∈ Cn(R,X) (2)

Def. 6

r ∈ Der(R,X) iff (3)

(∀π ⊆ S1)(∀φ ∈ S1)[〈π, φ〉 ∈ r ⇒ φ ∈ Cn(R,X ∪ π)] (4)
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Terminology V

Def. 7

r ∈ StructS1
iff (5)

(∀π ⊆ S1)(∀φ ∈ S1)(∀e ∈ E⋆)[〈π, φ〉 ∈ r ⇒
〈

he(π), he(φ)
〉

∈ r ] (6)

Def. 8

〈R,X〉 ∈ SCpl iff StructS1
∩ Perm(R,X) ⊆ Der(R,X) (7)
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Basic Theorems I

Now we repeat some well-known theorems (see [Pogorzelski 1981]).
THEOREM 1 〈R0+, L2〉 ∈ CnsT

THEOREM 2 〈R0+, L2〉 ∈ CnsA

THEOREM 3:

(∀α ∈ S̄A)(∀β ∈ SA)(∀X ⊆ SA)[β ∈ Cn(R0+, L2 ∪ X ∪ {α}) ⇒

(α→ β ∈ Cn(R0+, L2 ∪ X))]

THEOREM 4

(∀α ∈ S̄A)(∀X ⊆ SA)[Cn(R0+, L2 ∪ X ∪ {α}) = SA ⇔∼ α ∈ Cn(R0+, L2 ∪ X)]

THEOREM 5

(∀α ∈ S̄A)(∀X ⊆ SA)[α /∈ Cn(R0+, L2 ∪ X) ⇔ Cn(R0+, L2 ∪ X ∪ {∼ α}) 6= SA]
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Arithmetic terminology I

Next SA denotes the set of all well-formed formulas of Peano’s Arithmetic System.
Hence, S̄A = {φ ∈ SA : vf (φ) = ∅}.
Analogically, RSA

denotes the set of all rules over SA. For any X ⊆ SA and for any
R ⊆ RSA

, Cn(R,X) is the smallest subset of SA containing X and closed under the
rules of R. The couple 〈R,X〉 is called a system, whenever R ⊆ RSA

and X ⊆ SA. R0+

= {r0, r+} ⊆ RSA
. Next:

(ψ1)
∧

x(x + 0 = x),

(ψ2)
∧

x
∧

y(x · Sy = x · y + x),

(ψ3)
∧

x
∧

y(Sx = Sy → x = y),

(ψ4)
∧

x
∨

y(y = Sx)

(ψ5)
∧

x
∧

y [x + Sy = S(x + y)]

(ψ6)
∧

x(x · 0 = 0)

(ψ7) ∼
∨

x(Sx + 1 = 1)

(ψ8)
∧

x1
∧

x2[
∨

x3(Sx3 + x1 = x2) ≡ (x1 < x2)]

(ψ9)
∧

x ∼ (Sx = 0)
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Arithmetic terminology II

(ψ10) φ(0)&
∧

x(φ(x) ⇒ φ(Sx)) ⇒
∧

xφ(x)

XP = {ψ1, ψ2, ψ3, ψ4, ψ5, ψ6, ψ7, ψ8, ψ9}

A14 denotes here the set of all axioms of induction.
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Arithmetic terminology III

At last Lr and Ar denote the set of all logical axioms and the set of all specific axioms in
Peano’s Arithmetic System, respectively. Hence 〈R0+, Lr ∪ Ar 〉 is the Peano’s
Arithmetic System, where Ar = XP ∪ A14 and Cn(R0+, Lr ∪ Ar ) = A⋆

r , (see
[Rasiowa 1977], [Ershov and Palyutin, 1984], [Murawski, 1987]).
Next:

(11) (α→ β) → [(β → γ) → (α→ γ)]

(12) (∼ α→ α) → α

(13) α→ (∼ α→ β)

(14) α ∧ β → α

(15) α ∧ β → β

(16) α→ (β → α ∧ β)

(17)
∧

xkφ→ φ(
xk
tn

), if xk ∈ Ff (tn, φ)

(18)
∧

xk (ψ → ψ) → (φ→
∧

xkψ), if xk /∈ vf (φ)



Abstract
Bibliography
Terminology

Basic Theorems
Arithmetic terminology

THE MAIN RESULT
LEMMA1

ON STRUCTURAL INCOMPLETENESS OF PEANO’S ARITHMETIC SYSTEM
Summary

Arithmetic terminology IV

where:

α, β, γ, φ, ψ ∈ SA,

xk ∈ Ff (tn, φ) denotes that xk is free for the terms tn in the formula φ.
Hence:

L2
1 = {11, 12, 13, 14, 15, 16, 17, 18}
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THE MAIN RESULT I

Theorem (I)

〈R0+, Lr ∪ Ar 〉 ∈ CnsT

Proof. Let:

(1) 〈R0+, Lr ∪ Ar 〉 /∈ CnsT

Hence

(2) Cn(R0+, Lr ∪ Ar ) = SA
Now we introduce many formulas, which are used in the proof. Thus:

(3)
�
u27 = ∼ (1 < 1)

(4)
�

ψ8 =
�
u27 → ψ8

(5) γ′2 = (ψ7 ≡∼∼ ψ1) →
�
u27

(6) γ′0 = (ψ7 → ψ1) → ψ8
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THE MAIN RESULT II

(7) γ0 =
�
u27 → γ′0

(8) γ′4 = γ′0 → [γ′2 → (ψ7 ≡∼∼ ψ1)]

(9) γ4 = γ′2 → [γ0 → (ψ7 ≡∼∼ ψ1)]

(10) w = ∼ [∼
�
u27 ≡∼ ψ7] →∼ [

�
u27 ≡ ψ7]

(11) ψv
1 = γ′2 → (∼ γ4 → (γ′4 → (ψ1 → (∼ ψ7 → ((

�
u27 ≡ ψ7) → ((ψ7 ≡∼ ψ1) → (∼

�
u27 → (∼ (ψ7 ≡∼∼ ψ1) → (

�

ψ8 → γ′0)))))))))

(12) φ⋆

0 = ψ1 → (∼ ψ7 → (γ′2 → ((ψ7 ≡∼ ψ1) → (∼ γ4 → (∼
�
u27 → (

�

ψ8 → ((
�
u27 ≡

ψ7) → (∼ (ψ7 ≡∼∼ ψ1) → w))))))))

(14) O1 =
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THE MAIN RESULT III

(26) O14 = γ′2 → (γ′4 → (∼ γ′0 → (∼ (ψ7 ≡∼∼ ψ1) → (ψ1 → (∼ ψ7 → (∼ γ4 →

(
�

ψ8 → (w → ((ψ7 ≡∼ ψ1) → (∼ (
�
u27 ≡ ψ7) →

�
u27))))))))))

(30) O18 = (ψ1 → ψ7) → ((ψ7 → ψ1) → (ψ7 ≡∼∼ ψ1))

(31) O19 =

(32) O20 = γ′2 → (∼ γ4 → (γ′4 → (∼ γ′0 → (ψ1 → (∼ ψ7 → (∼
�
u27 → (

�

ψ8 → ((
�
u27 ≡

ψ7) → (∼ (ψ7 ≡∼∼ ψ1) → (∼ w → (ψ7 ≡∼ ψ1)))))))))))

(35) O33 = γ′2 → (w → (ψ1 → (∼ ψ7 → (∼
�
u27 → (

�

ψ8 → (∼ γ′0 → (γ′4 → (∼ γ4 →
(∼ (ψ7 ≡∼∼ ψ1) → (ψ7 ≡∼ ψ1))))))))))
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Lemma1 I

Now we formulate the first Lemma:

LEMMA1. γ′4 → γ4 ∈

Cn(R0+, L2
1 ∪ {φ⋆

0 → (O14 → (→ O33 → (∼ γ′0 → (∼
�
u27 → (∼ γ4 → O18))))), φ

⋆

0 →
(O20 → O14), φ

⋆

0 → (O20 → O33), φ
⋆

0 → O20,O14 → (O20 → (O33 → ψv
1 )) })

Using LEMMA 1 and many other Lemmas, one can prove the following (k) step.

(k) (∃L′ ⊆ Lr )[L2
1 ⊆ L′ & Cn(R0+, L′ ∪ {

�
u27}) = SA]

Hence, by THEOREM 4:

(k + 1) 1 < 1 ∈ Cn(R0+, L′),

what is impossible.
�
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ON STRUCTURAL INCOMPLETENESS OF PEANO’S ARITHMETIC
SYSTEM I

In [Stȩpień, 1999] it was proved the following:

Theorem(II):
Let X ⊆ S1 and Cn(R0+, L2 ∪ X) = Z3.

Then:

〈R0+, L2 ∪ X〉 ∈ SCpl iff (∀α ∈ Z̄2)[α ∈ Z3 V ∼ α ∈ Z3]

Thus:

Theorem (III)

〈R0+, Lr ∪ Ar 〉 /∈ SCpl

Proof.

By First Gödel THEOREM, Theorem(I) and Theorem(II).
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Summary

Peano’s Arithmetic System is consistent

and

Peano’s Arithmetic System is structurally incomplete.
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