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Turing Jumps in the Ershov Hierarchy

A Turing degree a = deg(A) is called
superlow if A’ € A_! (or, equivalently,
AT < 0.

Theorem 1. The set A is superlow if and
only if A’ € A7l for some n.
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Theorem 2. More generally, the proper
levels for Turing jumps in the Ershov
hierarchy for the natural notation system
are ;" and A, n > 0.

Theorem 3. For each n > 0 the class
(A A e AL

(and 1n particular the class of all superlow
sets) has a A)-computable numbering.



A Turing degree a 1s called rotally w-c.e. 1t
every function g <7 a1s w-c.e. It 1s known
that each superlow c.e. degree 1s totally w-
C.€.

Three incomparable elements ay, a; and b
in an upper semilattice form a weak critical
triple it ao Ub = a; U b and there 1s no ¢ <
ap, a; with ay; < b U ¢. Downey, Greenberg
and Weber (2007) have proved that a degree
a 1s totally w-c.e. if and only if a does not
bound a weak critical triple.



The Joins of Superlow c.e. Degrees
Let C be the semilattice of all c.e. degrees,
and let

J = {aUb : a, b are superlow c.e. degrees}.

Bicktford and Mills (1982) have proved, that
0 <.

Theorem 4. For all superlow c.e. degrees

a), a1, ay there are superlow c.e. degrees b,
b, b,, such that

aoualanZbQUbl:bOUb2:b1Ub2.

Corollary 5. J is an upper semilattice.



Theorem 6. There is a c.e. degree a such
that for all c.e. degrees b, by, by 1f

a:bQUblzb()UbQ:blUbg

then b, 1s not totally w-c.e. for some 7 < 3.

Corollary 7. The upper semilattices C and
J are not elementary equivalent.

Proof. Let ® be the following formula:
vx3y,dy, Jyo[x = yUy; = yoUy, = y,Uy, &
y, does not bound a weak critical triple, ¢ < 3.
C | -0,
J = o



The low c.e. degrees and the low 2-c.e.
degrees are not elementary equivalent.

In the the following theorem the class A !
is the A-level of the Ershov Hierarchy
corresponding to the notation a € O.

Theorem 8. For all notation a € O there
1s a low 2-c.e. set D such that for all 2-c.e.
sets £ and F'if ' € A;', F' € A ! then
D#r E®F.



Corollary 9. (Independently with M.
Yamaleev). The low c.e. degrees and the
low 2-c.e. degrees are not elementary
equivalent.

Proof. Let ¢ be the following formula:
X 3% Vydy, < xody; < x4y =y, Uy,
D" = @,
DY | —®.



