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Objective

We aim to present an alternative proof of Gödel’s inter-
pretation of intuitionistic logic into S4 classical modal logic
system.

• Gödel’s interpretation.

• Gödel’s conjecture

• Gödel’s aim

• Proofs of Gödel’s conjecture

• Preliminary Results

• A reviewed syntactic proof of Gödel interpretation.
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Gödel’s interpretation

The system Σ

• Bp → p

• Bp → (B(p → q) → Bq)

• Bp → BBp

• Bα may be inferred from α

• the axioms and inference rules of classical propositional
calculus.

Translation of Heyting’s calculus into Σ

Heyting’s calculus The system Σ
∼ p ¬Bp

(p ⊃ q) (Bp → Bq)
(p∇q) (Bp ∨Bq)
(p4q) (p ∧ q)
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Gödel’s conjecture

A formula holds in Heyting’s calculus if and only if
its translation is provable in Σ

.

Gödel’s aim

To give an interpretation of the propositional intuitionis-
tic logic which was meaningful also from a non intuitionistic
point of view.
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Proofs of Gödel’s conjecture

1948: the first semantic proof

J. C. C. McKinsey and Tarski introduced three different
translations of Heyting’s calculus into S4 and showed them
through algebraic and topological semantics [5].

1963: the first syntactic proof

Ian Hacking showed that one of J. C. C. McKinsey and
Tarski‘s interpretation could be restricted to the S3 sys-
tem, using the cut elimination property of the modal logic
system considered [3].

1968: a first translation general theory

Prawitz e Malmnäs outlined a first translation general the-
ory, in which, they introduced a syntactic proof of Gödel’s
conjecture using proof theory resources [8].

Now, we present one more syntactic proof to Godel’s con-
jecture, taking into account the recent results and approaches
about S4 modal logic in natural deduction. Particularly,
taking into account the structural properties of modal in-
ference rules introduced by Medeiros in 2006.
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1 Preliminary Results

• The Propositional intuitionistic calculus in natural de-
duction - I

L(I) = {→, ∧, ∨, ⊥}

Inference rules:

(I→)

[A]i

:

B
A → B

i (E→)
A A → B

B

(I∧)
A B

A ∧B
(E∧)

A ∧B

A

A ∧B

B

(I∨)
A

A ∨B

B

A ∨B
(E∨)

A ∨B

[A]i

:

C

[B]j

:

C
C

i, j

(⊥I)
⊥
A

Theorem 1.1 (Normalization theorem) If Γ `I A,
then there is a normal derivation of A from Γ in I.

Corollary 1.2 (Subformula principle) Every formula
that occurs in a normal derivation of A from Γ in I is
a subformula of A or of some formula of Γ
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• The S4 classical system in natural deduction
- NS4

L(NS4) = {→, ∧, ∨, ⊥, 2} .

Inference rules: The same introduction and elimination
rules for the propositional logical connectives of I, and:

(E2)
2A

A

(I2)
2B1...2Bn

[2B1]
i1...[2Bn]

in

:

A
2A

i1...in

(⊥c)

[A → ⊥]i

:

⊥
A

i

Restrictions on (I2): all the occurrences of assump-
tions in the class [2Bk]

ik, 1 ≤ k ≤ n, must be discharged
by the application of the rule. Furthermore, the premise
A must not depend on any assumptions other than those
occurring in the assumption classes in question.
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Theorem 1.3 If Γ `NS4 A, then there is a normal
derivation of A from Γ in NS4.

Corollary 1.4 (Subformula principle) Every formula
that occurs in a normal derivation Π of C from Γ in
NS4 is a subformula of C or of some formula of Γ,
except for the assumptions discharged by applications
of (⊥c) and for occurrences of ⊥ in segments that are
immediately below such assumptions.

The proofs of 1.3 e 1.4 was made by Medeiros in [6].
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• The S4 intuitionistic system in natural deduc-
tion - IS4

L(NS4) = {→, ∧, ∨, ⊥, 2, 3}

The inference rules:
The same of the system I,
The modal rules (I2) and (E2) of the NS4, and:

(I3)
A

3A

(E3)
2B1...2Bn, 3C

[2B1]
i1...[2Bn]

in, [C]in+1

:

3A
3A

i1...in+1

Restrictions on (E3): all the occurrences of assump-
tions in the class [2Bk]

ik, 1 ≤ k ≤ n, and in [C]in+1 must
be discharged by the rule application. Furthermore, the
premise 3A must not depend on any assumptions other
than those occurring in the assumption classes in question.
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2 Translation of I into NS4

Definition 2.1 Let g be a function that maps formulas
of L(I) into formulas of L(NS4) defined as following:

g(A) = 2A, if A is an atomic formula
g(A → B) = 2(g(A) → g(B))
g(A ∧B) = g(A) ∧ g(B)
g(A ∨B) = 2g(A) ∨2g(B)
g(⊥) = ⊥
It follows from this definition that g(¬A) = 2¬g(A).

Lemma 2.2 If Γ `I A, then g(Γ) `NS4 g(A), for every
formula A ∈ L(I).

Proof.
Γ `I A implies g(Γ) `IS4 g(A),
`IS4 g(A) ↔ 2g(A).
IS4 is a subsystem of NS4.
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Lemma 2.3 If Π is a normal derivation of g(A) from g(Γ) in

NS4, then Π can be transformed into a normal derivation Π′ in

which no one application of (⊥c) has as discharged assumption a

formula of the form ¬(A → B).

Proof. Let n(Π) be the number of applications of ⊥c with discharged

assumptions of form ¬(A → B).

Π ≡

[¬(A → B)]i

Σ
⊥

A → B
r, i

Π0

where Σ is a subderivation of Π having no applications of (⊥c) whose

discharged assumption has the form ¬(A → B).

Case 1) In Π the assumption ¬(A → B) is not a major premise of

an elimination rule.

Case 2) In Π the assumption ¬(A → B) is a major premise of a

elimination rule.

Π ≡

Σ1

A → B [¬(A → B)]i

⊥
Σ2

⊥
A → B

i

Π0

11



Lemma 2.4 If g(Γ) `NS4 g(A), then g(Γ) `IS4 g(A),
for every A ∈ L(I)

• Let us assume g(Γ) `NS4 g(A).

• There is a normal derivation of g(A) from g(Γ) by the
lemma 1.3

• This derivation can be transformed into a normal deriva-
tion such that no one application of (⊥c) has any dis-
charged assumption of the form ¬(A → B), by the
lemma 2.3

• Let Π be such derivation.

•We will show that Π can be transformed into a deriva-
tion without applications of (⊥c)

• Let Σ be a subderivation of Π that has just one appli-
cation of the (⊥c) rule and this application is the last
inference rule of Σ.

Π ≡

[¬B]i

Σ
⊥
B

r, i

Π0

• In Σ the assumption ¬B cannot be:

1. premise of an application of (I2), because this con-
tradicts the restrictions of the rule.

2. premise of any introduction rule nor minor premise
of (E→), since these contradict the Subformula prin-
ciple.
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Π ≡

Σ1

B [¬B]i

⊥
Σ2

⊥
B

i

Π0

Case 1) No assumption of Σ1 is discharged by an appli-
cation of (E∨) that occurs in Σ2.

Case 2) Some assumption of Σ1 is discharged by an ap-
plication r of (E∨) that occurs in Σ2.
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Definition 2.5 Let f be a function which maps formu-
las of L(IS4) into formulas of L(I) defined as following:

f (A) = A, if A is an atomic formula

f (A → B) = f (A) → f (B)

f (A ∧B) = f (A) ∧ f (B)

f (A ∨B) = f (A) ∨ f (B)

f (⊥) = ⊥

f (2A) = f (A)

f (3A) = f (A)
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Lemma 2.6 If g(Γ) `IS4 g(A), then f (g(Γ)) `I f (g(A))
for every A ∈ L(I)

We will show a more general case:

if Γ `IS4 A, then f (Γ) `I f (A), for every A ∈ L(IS4).

Let Π be a derivation of A from Γ in IS4 and r its last
inference.

Case 1) r is (E3)

Π ≡

Γ1

Σ1

2A1

...
Γn

Σn

2An

Γn+1

Σn+1

3B

[2A1]
i1...[2An]

in[B]in+1

Σn+2

3C

3C
r, i1...in+1

The derivation Π in IS4 is transformed into a derivation
Π′ in I.

Without lost of generalization, let n=1

Π′ ≡
f (Γ1)
f (Σ1)

[f (2A1)]

...

f (Γ2)
f (Σ2)

f (3B)

[f (B)]
def

f (Σ3)
f (3C)
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Lemma 2.7 `I A ↔ f (g(A))

Proof by induction on the complexity of A.
Case 1) A is (B → C)

[f (g(B))]i

B
I.H

(B → C)j

C

f (g(C))
I.H.

f (g(B)) → f (g(C))

f (g(B) → g(C))

f (2(g(B) → g(C)))

f (g(B → C))

(B → C) → f (g(B → C))
j

i

[f (g(B → C))]i

f (2(g(B) → g(C)))

f (g(B) → g(B))

f (g(B)) → f (g(C))

[B]j

f (g(B))
I.H.

f (g(C))

C
B → C

f (g(B → C)) → (B → C)
i
j
I.H.
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Lemma 2.8 If g(Γ) `IS4 g(A), then Γ `I A, for every
A ∈ L(I)

This result follows from:

Lemma 2.6: If g(Γ) `IS4 g(A), then f (g(Γ)) `I f (g(A)),
for every A ∈ L(I)

Lemma 2.7: `I A ↔ f (g(A))

Theorem 2.9 Γ `I A if and if g(Γ) `NS4 g(A)

This result follows from:

Lemma 2.2: If Γ `I A, then g(Γ) `NS4 g(A),

Lemma 2.4: If g(Γ) `NS4 g(A), then g(Γ) `IS4 g(A),
for every A ∈ L(I).

Lemma 2.8: If g(Γ) `IS4 g(A), then Γ `I A, for every
A ∈ L(I)
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